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Abstract 

We develop a GL qp (2) invariant differential calculus on a two-dimensional noncommutative 
quantum space. Here the co-ordinate space for the exterior quantum plane is spanned by 
the differentials that are commutative (bosonic) in nature. 

The quantum group GL qp (n) covariant differential calculus on a quantum hyperplane is 

generated by three elements : (i) {xi}(i = 1,2,3, n), the noncommuting co-ordinates of 

the quantum plane, (ii) differentials {dxi}, which are co-ordinates of the exterior quantum 

plane, and (iii) derivatives on the quantum plane, namely {^-} [1-4]. In addition, one also 

introduces an exterior differential d [1] 

d 

d = Y.dxi—. (1) 

i ox, 

In the classical limit, two distinct kinds of dx, satisfying either the algebraic relation 



dxidxj + dxjdxi = (2) 

or the relation 

dxidxj — dxjdxi = (3) 

exist. The one-form dx, with (dx) 2 = 0, is introduced in the context of differential geometry 

[5]. On the other hand, dx denotes the infinitesimal whose square is not identically zero. The 
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co-ordinate space for the exterior plane, spanned by {dxi}, is anticommutative (fermionic), 
and the one spanned by {dxi} is commutative (bosonic). 

Much progress has been made in the area of noncommutative differential calculus (NDC) 
based on a generalized dx [1-4,6,7]. Is it possible to provide a consistent noncommutative 
differential calculus involving appropriately modified dxi The answer to this query is in 
affirmative. In the present paper, we develop the basic structure of this new calculus with 
a view to evaluate the derivatives of a function having as its arguments the co-ordinates of 
quantum plane and/or exterior quantum plane (i.e., differentials), or any product of such 
functions. 

We denote henceforth the conventional noncommutative differential calculus having dxi 
as one of its elements as NDC-I, and the new differential calculus involving dxi as NDC-II. 
The d and dxi in eq.(l) now belong to NDC-II, whereas these quantities are to be replaced 
by d and dxi in NDC-I. It can be shown that d 2 = [1], though no such constraint exists for 
d 2 . In fact, d n ^ for any integer n — 0, 1, 2, . . .. Consequently, we have non-zero d n Xi - the 
n th differential in NDC-II, with d°Xi = X{. In the NDC-I, all higher order differentials, but 
for the one corresponding to n — 1, are zero. Here again, d°Xi = Xj. 

The derivatives { d ^ x .^ } on the exterior quantum plane, though not defined originally, has 
been subsequently introduced [8]. We presently introduce the analogous derivatives { 9 ^ x .^ }- 
How these additional derivatives modify d in eq.(l) will be considered shortly. 

We consider here a two dimensional system. This enables us to describe the basic struc- 
ture of the new calculus without getting involved in the mathematical complexities when di- 
mension exceeds two. The case of higher dimensions will be considered in a subsequent paper. 
We identify d n X\ = d n x and d n x 2 = d n y. In order to provide the details of NDC-II, the first 
task is to determine the generalized commutation relations between (d n x,d m x), (d n y,d m y) 
and (d n x, d m y) for arbitrary positive integers n and m. In addition, either or both n and m 
can be zero also. To achieve this, one needs only the relations corresponding to m — n, n+1. 
The remaining relations follow by the successive application of the exterior differential d. 
The d satisfies the Leibnitz rule 

d (fg) = (df) g + / (dg) (4) 
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with / and g being functions of (d n x, d m y). 

We begin with the following general relations 

{d n x){d n y) = C 1 {d n y){d n x) (5) 

(d n x)(d n+1 x) = C 2 (d n+1 x)(d n x) (6) 

(d n y)(d n+1 y) = C 3 (d n+1 y)(d n y) (7) 

(d n y)(d n+1 x) = C 4 (d n+1 x)(d n y). (8) 

The various C' s are non-zero constants. Applying d on relation (5) and using eq.(8), we 
obtain the last relation 

(d n x)(d n+1 y) = C 1 (d n+1 y)(d n x) + (C 1 C A -l)(d n+1 x)(d n y). (9) 

The requirement of associativity and the validity of Yang-Baxter equation demands that 
when d k x, d k y (k — n, n + 1) are commuted through eqs. (5-8), either from the left or from 
the right, no new relation should emerge [9]. This condition is satisfied provided 

C 2 = C 3 =CiC 4 . (10) 

It can be seen that when C\ — q and C4 = p, the relations (5-8) are invariant under 
the quantum group transformations 



d n x\ (d n x'\ _ I A B\fd n x 
d n y) ~* \d n y') ~ \C D) \d n y 



(11) 



where A, B, C, D are the elements of a 2 x 2 GL qp (2) matrix obeying the g-algebraic relations 
in rows and columns as 

AB = pBA , AC = qCA , BC = ^CB 

CD = pDC , BD = qDB , AD - DA= (p - q' r )BC ' ' " ' 

and these elements are assumed to commute with all the differentials in eqs. (5-8). 
Substituing the values of C's in eqs. (5-9), we get 

€V = QV n e (13) 

cc+ l = pqc+ l c (14) 

v n v n+1 = pqr] n+l rf (15) 



^ n+1 = p £n+l v n ( 16 j 
= qr] n+l£n + ( pq _ 1 ^n+l rl n ^ 

where for the notational convenience, we have introduced 

d k x = ^ k ; d k y = V k . (18) 

We note here that superscripts of £ and rj denote an index, and not the exponent. 

Applying the d consecutively on relations (13-17), and after some algebraic manipulations, 
the following generalizations are obtained for equations (14-17) corresponding to any m > n: 

m—n—l 

cr = mcc + (p? - 1) E c +r c~ r (19) 

r=l 
m—n—r>0 

m—n—l 

rfrf 1 = pqr] m r] n + (pq - 1) ]T v n + r rj m ~ r (20) 

r=l 
m—n—r>0 

m—n—l 

v n^m = p ^ mrj n + ^ _ ^ £ ^m-r^n+r ( 2 1) 



r=l 

m—n—r>0 
m—n—l 



err = <m m e + fa - 1) E r~v +r - (22) 

r = 

m— n— r>0 

Equations (13,19-22) provide all possible commutation relations between the differentials. 

The ultimate aim of the present analysis is to provide relations which enable one to 
evaluate the derivatives of functions like / and g introduced in eq.4. Such derivatives can 
be obtained using the commutation relations between (£ n , rf n ) and derivatives (^, To 
obtain these relations, we need explicit form of the exterior differential d. Accordingly, we 
generalize the expression (1) as 

' = g(faF^5Fr)- <23) 

Applying d on £ n / and using (23), we obtain 

d(Cf) = E c^Cf + E v m ^Lef. (24) 

m>0 U< * m>0 U 'l 

The Leibnitz rule (cf. eq.4) leads to 

d (Cf) = T +1 f + Cdf (25) 



where = d£ n = d(d n x) = d n+1 x. Substituting d from eq. (23) in the right hand side 
of eq.(25), we get 

d(Cf) = c +1 f +CE r J^f + c E ir-gLif- ( 26 ) 

Next, we use relations (13,19-22) to exchange the order of £ n £ m and ^ n rj m in eq.(26). 
Thereafter, comparing the coefficients of £ m and rf 1 in the resulting expression with the 
coefficients of £ m and r\ m in eq.(24), we obtain the following set of required commutation 
relations 

9 -C = ^- ^ fr/r. 0<m<n-2 (27) 



d^ m pq di rn pq ^ Q^m-k- 



8 ;C = m = n-l (28) 



f) r) 00 / 8 8 \ 

^ -C =^+pfc + ( M -l)E r^ + r-^L^n-l (29) 



d -C = V^-^^Er- fe ^T, 0<m<n-2 (30) 



<9?7 m p drj 171 p ^ c??7 r ' 

^" = ^, m>n-l. (31) 
Repeating the same procedure with 0^(77/) in the place of d(£f), we get 

9 tf = b"^ - t -T^, < m < „ - 2 ,32) 



<9?7 m (?77 m pq <9r/ r 



%" = »7 B A, m = n-l (33) 



<9?7 m <9rf 

" ?f = 5 n , m + m»— + (pq - 1) E f t+fe ^ + > - > - " 1 ( 34 ) 



^-^ = VJ-_M^HV^^-, 0<m<n-2 (35) 



dST' q' d^ m q ti d ? 



dST' q' d^ m q fi ^ 

d d 

r] n = pr] n T^—, m> n-l. (37) 



Given any function of (£, n ,r] m ), the relations (27-37) enable one to evaluate its derivative 
as well as any sequence of derivatives with respect to £ fc and rf . 
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We may note the importance of the new calculus in the context of particle dynamics on 
a noncommutative space. For example, it is the dx and d 2 x which are related to the velocity 
x and acceleration x through the relations dx = xdt and d 2 x = x(dt) 2 , where the time t 
is taken to be a commuting number. On the other hand, a relation like dx = xdt would 
make the velocity nilpotent, and the acceleration can not be related to d 2 x as this quantity 
is identically zero. 

Is it possible to provide a connection between NDC-I and the new noncommutative 
calculus? Can the new calculus be mapped to a Fock-space structure? These queries along 
with the possible applications will be considered in our future communications. 
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